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Abstract. We discuss possible competition between magnetic and quadrupole Kondo effects
in non-Kramers doublet systems under cubic symmetry. The quadrupole Kondo effect leads
to non-Fermi-liquid (NFL) ground state, while the magnetic one favors ordinary Fermi liquid
(FL). In terms of the j-j coupling scheme, we emphasize that the orbital fluctuation must
develop in the vicinity of the NFL-FL boundary. We demonstrate a change of behavior in the
f-electron entropy by the Wilson’s numerical renormalization-group (NRG) method on the basis
of the extended two-channel Kondo exchange model. We present implications to extensively
investigated PrT2X20 (T=Ti, V, Ir; X=Al, Zn) systems that exhibit both quadrupole ordering
and peculiar superconductivity. We also discuss the magnetic-field effect which lifts weakly
the non-Kramers degeneracy. Our model also represents the FL state accompanied by a
free magnetic spin as a consequence of stronger competition between the magnetic and the
quadrupole Kondo effects.
1. Introduction
In contrast to the standard heavy-fermion physics so far developed extensively in Ce-based
compounds, praseodymium (and uranium) materials have more exotic aspects inherent in a
variety of their atomic states. Noze`ires and Blandin first argued this issue in view of Kondo
effect, and they categorized possible ground states (fixed points) in terms of the magnitude
of spin S and the number of scattering channels of conduction electrons nc as (i) the perfect
screening (nc = 2S), (ii) the underscreening (nc < 2S), and (iii) the overscreening (nc > 2S) [1].
Among them, the overscreening case results in the NFL phenomena, and extensive
investigations on this subject have been performed. For instance, the temperature dependences
of the specific heat, magnetic susceptibility, and resistivity for nc = 2 and S = 1/2 are given by
C(T )/T, χ(T ) ∝ − ln(T/T2K), ρ(T )− ρ0 ∝ (T/T2K)
1/2, (1)
and the residual entropy is given by S(0) = (1/2) ln 2, where T2K is the Kondo temperature for
the two-channel Kondo exchange model [2–8], and ρ0 is the residual resistivity. In the last decade,
the lattice version of the two-channel Kondo problem has also been studied theoretically [9], in
particular, it is found by means of the so-called dynamical mean-field theory that it exhibits a
variety of long-range orderings [10, 11], and analytic expressions of T dependence are obtained
such as
C(T )/T, χ ∝ −(T/T ∗F2)
1/2, ρ(T )− ρ0 ∝ (1 + T/T
∗
F2)
−1, (2)
in the 1/N expansion with vertex corrections [12, 13]. T ∗F2 is the characteristic temperature
of the two-channel Kondo lattice model, which differs from the single-site counterpart T2K in
general.
A practical situation to realize the overscreening was proposed by Cox [2, 14, 15]. In his
model for UBe13, the quadrupole moment in the non-Kramers doublet plays a role of pseudospin
(S = 1/2), which is to be screened by the quadrupole moment of conduction electrons with real
spins, ↑ and ↓, as two equivalent scattering channels (nc = 2). Hence, it is called the quadrupole
Kondo effect. In the Uranium ion, 5f electron is moderately localized and the crystalline-
electric-field (CEF) splitting is often too broad to identify it. This aspect has hampered
clear understanding of such exotic Kondo effect. On the contrary, 4f electron in the Pr ion
is well localized exhibiting clear CEF splitting. Moreover, a cage-like structure such as the
filled Skutterudites provides many number of ligands for f electrons, which effectively increases
hybridization strength to conduction electrons [16]. Such a situation offers ideal playground to
explore the exotic Kondo problem and resultant anomalous electronic states.
Recently, a series of PrT2X20 compounds, having a cage-like structure as well, has been found
as non-Kramers doublet system, which meets criteria for the quadrupole Kondo effect. In fact,
PrV2Al20, PrIr2Zn20 and PrRh2Zn20 exhibit NFL behaviors in the resistivity, specific heat and
so on above the quadrupole ordering [17–19]. They even coexist with superconductivity [19–21].
On the contrary, PrTi2Al20 shows ordinary FL behavior at ambient pressure [17]. From the
theoretical point of view, a simple construction of the extended two-channel Kondo exchange
model with non-Kramers doublet CEF ground state under cubic symmetry does not possess any
FL fixed points [22], although the model without CEF splitting must apparently have FL fixed
point.
In this paper, we construct yet another extended two-channel Kondo exchange model, which
represents the competition between NFL and FL. These two fixed points differ in the occupation
of two f electrons onto f1 orbitals, and hence the orbital fluctuation must be important in the
vicinity of the boundary between these two fixed points. The organization of the paper is as
follows. In the next section, we introduce the extended two-channel Kondo exchange model
and discuss the limiting cases. In §3, we exhibit results obtained by Wilson’s NRG method.
We discuss the distinct electronic states and their parameter dependence in the characteristic
temperatures. The magnetic-field effect is also discussed. In the last section, we discuss relevance
of our results to recent experiments in PrT2X20 systems, and summarize the paper.
2. Extended Two-Channel Kondo Model
2.1. The f2 CEF states in the j-j coupling scheme
With an odd number of f-electron valency, localized CEF states are subject to the Kramers
theorem, which states that at least double degeneracy must remain due to time-reversal
symmetry. On the contrary, systems with an even number of f electrons are free from this
theorem, and a degeneracy should come from different symmetry reason other than the time
reversal, or may be accidental.
For example, the total angular momentum J = 4 multiplet of f2 configuration is lifted
into Γ1 singlet, Γ3 doublet, and Γ4, Γ5 triplets under cubic symmetry. Among them, Γ3
doublet carries no magnetic moments, and it has (3z2 − r2)-type and (x2 − y2)-type electric
quadrupoles, in addition to (JxJyJz)-type magnetic octupole. The wavefunctions of these CEF
states are complicated and rather depend on whether the LS coupling (Russell-Saunders) or
the j-j coupling scheme is used. Nevertheless, essential feature of the states can be understood
in a simplified version of the j-j coupling picture as follows. More precise expressions of the
wavefunctions in the j-j coupling scheme can be found in the literature [23].
In the j-j coupling scheme, the f2 states are described by filling up two electrons into f1
CEF states, which are Γ7 doublet, and Γ8 quartet under cubic symmetry. The three Kramers
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Figure 1. The f2 CEF states in the j-j coupling scheme. (a) Γ3 doublet, (b,c) Γ4, Γ5 triplets,
(d) Γ1 singlet, and (e) other states.
pairs (labelled by the orbital indices, m = 7, a, b) constitute Γ7 and Γ8 states, and the latter
is degenerate due to cubic symmetry. We neglect the energy splitting between Γ7 and Γ8 for
simplicity. Then, the non-Kramers Γ3 states can be regarded as two singlet states of Γ7-Γ8a and
Γ7-Γ8b, while the two magnetic triplet states, Γ4, Γ5 correspond to two triplets among Γ7-Γ8.
We should note that in these states, one f electron always occupies Γ7 and another stays in either
Γ8a or Γ8b state. The remaining Γ1 singlet is identified as the double-occupied state within Γ7
state. The role of the orbital degeneracy is apparent in the above construction of the f2 CEF
states, as shown schematically in Fig. 1.
The CEF splitting measured from the Γ3 CEF ground state can be expressed by
Hf = ∆(Pfa + Pfb) + ∆1 nfa nfb, Pfm ≡ Sfm · Sf7 +
3
4
nfm nf7, (3)
where
Sfm =
∑
αβ
f †mα
(
σαβ
2
)
fmβ, nfm =
∑
α
f †mαfmα, (4)
are the spin and number operators for each f1 Kramers pair, and Pfm is the projection operator
onto the Γ8m-Γ7 triplet state. We have neglected the doubly occupied states in each f
1 orbital
such as Fig. 1(d) due to large intra Coulomb repulsion, and the splitting between Γ4 and Γ5
excited states, for simplicity. Moreover, we have introduced other energy scale ∆1 for the excited
states such as Fig. 1(e).
2.2. Magnetic and orbital exchange couplings
When the hybridization (V8
∑
kmα f
†
mαckmα+h.c.) between the f and corresponding partial wave
of conduction electrons is switched on, magnetic and orbital exchange processes appear in the
second order of V8. In terms of the Pauli matrices, τ , acting on the (a,b) orbital space, the
orbital operator for f electrons is given by
Tf =
∑
α
a,b∑
mn
f †mσ
(
τmn
2
)
fnα. (5)
Then, the two exchange processes are expressed as
Hex = J [sa(0) · Sfa + sb(0) · Sfb] +K[t↑(0) + t↓(0)] · Tf , (6)
where sm(0) and tα(0) are the spin and orbital operators of the conduction electrons at the
impurity site. Here, Tf couples equally with two orbital degrees of freedom, tα(0) (α =↑ and ↓
channels), which is ensured by the time-reversal symmetry. The second term is the origin of the
overscreening Kondo effect of quadrupole degrees of freedom as will be shown shortly.
Since the origins of two exchange processes are the same hybridization V8, J and K are
expected to be the same order of magnitude, i.e., J,K ∼ |V8|
2/∆E, where ∆E is the energy
difference between f2 and f1,3 states. In contrast to f1 systems such as Ce-based compounds
where magnetic Kondo effect usually dominates, the hybridization leads to both magnetic and
quadrupole Kondo effects, especially in the non-Kramers doublet systems with suitable magnetic
excited states under cubic symmetry. Therefore, an interesting competition between J and K
terms could be expected in those systems. We will ignore the hybridization among Γ7 as a first
step.
Eventually, the Hamiltonian of the extended two-channel Kondo model to be investigated in
this paper reads
H =
∑
kmα
ǫkc
†
kmαckmα +Hex +Hf . (7)
2.3. Two limiting cases
Let us consider two opposite limits of the model. First, we consider the case where the excited
CEF states can be neglected, or K ≫ J . Within the Γ3 doublet denoted by |u〉 and |v〉, Sfm → 0
and
Tf → τf ≡
u,v∑
µν
f †µ
(
τµν
2
)
fν . (8)
Then, our model is reduced to the ordinary two-channel Kondo model as
H =
↑,↓∑
α

∑
k
a,b∑
m
ǫkc
†
kmαckmα +Ktα(0) · τf

 , (9)
where α plays a role of two exchange channels, while m or µ acts as the pseudo spins. Therefore,
we expect the NFL ground state in this limit.
The other limit is J ≫ K, ∆1. In this case, both f electrons tend to occupy Γ8 states like
Fig. 1(e) in order to gain the magnetic exchange energy, J . In this case, Sf7 and Tf become
inactive, and the model is reduced to
H =
a,b∑
m

∑
k
↑,↓∑
α
ǫkc
†
kmαckmα + Jsm(0) · Sfm

 . (10)
This is nothing but two independent single-channel Kondo models, showing ordinary FL
behaviors.
2.4. Magnetic-field effect
Since the non-Kramers doublet has no magnetic dipoles, the magnetic-field effect appears in the
order of h2/∆ via the excited magnetic states. In order to describe such a situation for h ‖ z,
we introduce the following operator as a “magnetic” moment,
Mz =
7,a,b∑
m
Szfm +
1
2
(g1Kf1 + g2Kf2), Kfm ≡ nfm↑nf7↓ − nfm↓nf7↑, (11)
where |g1| 6= |g2|. In what follows, we take g1 = 1, g2 = 0 for simplicity. Including the Zeeman
coupling HZ = −hMz, the f
2 CEF states are summarized in Table 1.
Table 1. The f2 CEF states under magnetic field along z axis.
Szf deg. energy (E) E (h = 0) role eigenstate for h = 0
0 1 ∆
2
− ∆
2
√
1 + (g1h/∆)2 0 Γ3 |u〉 ≡
1√
2
(|a, ↑〉 |7, ↓〉 − |a, ↓〉 |7, ↑〉)
1 ∆
2
− ∆
2
√
1 + (g2h/∆)2 |v〉 ≡
1√
2
(|b, ↑〉 |7, ↓〉 − |b, ↓〉 |7, ↑〉)
−1 2 ∆ + h ∆ Γ4,5 |a, ↓〉 |7, ↓〉, |b, ↓〉 |7, ↓〉
0 1 ∆
2
+ ∆
2
√
1 + (g1h/∆)2
1√
2
(|a, ↑〉 |7, ↓〉+ |a, ↓〉 |7, ↑〉)
0 1 ∆
2
+ ∆
2
√
1 + (g2h/∆)2
1√
2
(|b, ↑〉 |7, ↓〉+ |b, ↓〉 |7, ↑〉)
+1 2 ∆− h |a, ↑〉 |7, ↑〉, |b, ↑〉 |7, ↑〉
−1 1 ∆1 + h ∆1 others |a, ↓〉 |b, ↓〉
0 2 ∆1 |a, ↑〉 |b, ↓〉, |a, ↓〉 |b, ↑〉
+1 1 ∆1 − h |a, ↑〉 |b, ↑〉
3. Results by Wilson’s NRG Calculation
We have applied the Wilson’s NRG method [24, 25] to solve our model, (7). In this
numerical method, the conduction band is discretized logarithmically to focus on the low-energy
excitations. To do so, the kinetic-energy term is transformed to the hopping-type Hamiltonian
on the semi-infinite one-dimensional chain, which can be solved by iterative diagonalization. In
this paper, we have used the discretization parameter Λ = 3, and retained at least Nr = 700
low-energy states for each iteration step. The CEF parameters are chosen as ∆ = 1.0 × 10−3
and ∆1 = 5.0× 10
−3 in unit of the half-bandwidth of the conduction electron, D. We can keep
track of the low-energy states by the conserved quantities, Φ =(Q, nf7, Sz), where Q is the total
number of electrons measured from half filling, nf7 is the number of f electrons in the Γ7 orbital,
and Sz is the z-component of the total spin. The conserved quantities only for even-number of
iteration step, N , will be given, if necessary.
3.1. Fixed points
Figure 2 shows T dependences of the f-electron entropy S(T ), and its squared effective moment,
µ2eff(T ). There are three distinct states at the lowest T as shown in Fig.2(a), two of which are
nothing but the states we expected in the limiting cases. Namely, the local FL state Φ = (0, 0, 0)
appears for J > K, while the local NFL state Φ = (0, 1, 0) for J < K. In addition to them,
the FL plus a marginally free spin (FL+FS) state Φ = (1, 1,±1/2) with µ2eff = 1/4 appears for
J ≈ K. The FL+FS state emerges as a consequence of the competition between the magnetic
and quadrupole Kondo effects, in which one additional electron (for even N) or hole (Q = −1
for odd N) is bound around the impurity site. The schematic picture for these states is shown
in Fig. 3. For small J and K, the unscreened CEF doublet state remains at the lowest T , since
the characteristic energies of the quadrupole and magnetic Kondo effects, T2K and TK are much
below the accessible T .
The boundary between FL and NFL/FL+FS is the first order as nf7 changes at the boundary.
The critical value of J at K = 0 is determined by the condition that TK ≈ ∆1. On the other
hand, the boundary between NFL and FL+FS is crossover. As we approach from the NFL state
to the FL+FS state, T2K decreases considerably, and the system eventually stays in the FL+FS
state over the calculated T range.
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Figure 2. The T dependences of the f-electron entropy (upper panels) and the squared effective
moment (lower panels) for (a) T/∆ = 4.0 × 10−7, (b) T/∆ = 1.4 × 10−2, and (c) T/∆ = 1.1.
At the lowest T , the local FL state, NFL state, and FL plus a marginally free spin S = 1/2
(FL+FS) state exist in J-K space. The boundary between the FL and NFL/FL+FS (solid line)
is the first order, while that between NFL and FL+FS (dotted line) is a crossover. For small J
and K, the unscreened CEF doublet state remains at the lowest T . The arrow with 7 points in
the lower left panel indicates the parameter sets used for the later discussions.
(a) overscreening (NFL) (c) partial screening (FL+FS)(b) perfect screening (FL)
c electronsor or
Figure 3. Schematic picture of three distinct low-energy states, (a) the overscreening (NFL),
(b) the perfect screening (FL), and (c) the partial screening (FL+FS). The FL and NFL states
have no magnetic moments, while the marginally free spin remains in the FL+FS state.
1.5
1
0.5
0
S 
/ l
n
 
2
T / Δ
i, ii, iii
iv
v
vii
vi
T 
/ Δ
viiviviviiiiii
parameter #
TK
T2K
(a) (b)
FL NFL
10–310–4 10–2 10–1 100
10–4
10–3
10–1
100
10–2
Figure 4. (a) The change of the entropy across the FL-NFL boundary. The parameter set is
given by (i) J = 0.18, K = 0.02, (ii) J = 0.18, K = 0.03, (iii) J = 0.18, K = 0.04, (iv) J = 0.17,
K = 0.04, (v) J = 0.16, K = 0.04, (vi) J = 0.15, K = 0.05, and (vii) J = 0.15, K = 0.06 as
indicated by the arrow with 7 points in Fig. 2(a), and (b) the Kondo temperatures, TK and T2K
for the FL and NFL states. The dotted lines are guide to eye.
3.2. FL-NFL transition
Let us discuss the transition between the FL and NFL states. The T dependence of the entropy
is shown in Fig. 4(a). The parameter sets used for the calculation are indicated by the arrow
with 7 points in Fig. 2(a). The magnetic Kondo temperature TK has weak parameter dependence
except the vicinity of the boundary. On the contrary, the quadrupole Kondo temperature T2K
is rather sensitive to the parameters. The quantitative parameter dependences of TK and T2K
are shown in Fig. 4(b), where TK (T2K) is defined by S(TK) = 0.5 ln 2 (S(T2K) = 0.75 ln 2). In
the vicinity of the boundary, the both characteristic energies become extremely low, reflecting a
level-crossing nature of two states. As was shown in Fig. 3(a) and (b), the f-electron occupancy
differs in two states, and hence the strong orbital fluctuation between Γ7 and Γ8 must be expected
near the FL-NFL boundary. This is the important consequence of the cubic symmetry and the
non-Kramers CEF ground state.
3.3. Magnetic-field effect
We discuss the magnetic-field effect along the z axis. The non-Kramers doublet is lifted by the
field through the excited magnetic states. Thus, the magnitude of the splitting is proportional
to h2/∆ in the weak-field limit as shown in Table 1. This splitting brings about inequivalency
of two channels in the model, yielding a crossover from the NFL to the FL state of an effective
singlet-channel Kondo problem. Note that this FL state is completely different from the FL
state by the magnetic Kondo effect as shown in Fig. 3(b). According to the scaling dimensional
analysis for the two-channel Kondo model, the crossover scale TH is proportional to square of
the energy splitting, i.e., TH ∝ (h
2/∆)2/T2K [26]. However, as the field increases, there must be
a discrepancy from the scaling analysis owing to the presence of the excited CEF states and the
transition between the NFL and FL states.
Figure 5 shows the h dependence of the entropy and the relevant energy scales, TH and
T2K, for the NFL state (J = 0.13, K = 0.04), where the TH is defined by S(TH) = 0.25 ln 2.
Although the TH indeed follows h
2 in very weak-field range (not shown), it is roughly fitted
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Figure 5. The magnetic-field effect on the NFL state in (a) the entropy, and (b) the crossover
temperature to the FL state TH, which shows non-monotonous field dependences in stronger
fields. Such non-monotonous tendency becomes more prominent as the FL-NFL boundary is
approached. The inset shows that TH and the quadrupole Kondo temperature T2K roughly
follow ∝ h2, although TH ∝ h
4 is predicted for the two-channel Kondo model in the weak-field
limit.
by TH ∝ h
2 above h > 0.1∆ as shown by the dotted lines in Fig. 5(b) and the inset. The
quadrupole Kondo temperature T2K also follows ∝ h
2 in the same field range. Furthermore,
TH shows non-monotonous field dependences in stronger fields. Such non-monotonous tendency
becomes more prominent as the FL-NFL boundary is approached.
The value of the magnetization for the NFL state is strongly suppressed owing to the non-
Kramers CEF character. If a system is close enough to the NFL-FL boundary, the magnetic
field causes a transition to the FL state of the magnetic Kondo effect. It is a transition from the
field-induced FL to the magnetic Kondo driven FL accompanied by the change of the orbital
occupation from nf7 = 1 to nf7 = 0. In this case, the field energy easily exceeds TK (see
Fig. 4(b)), yielding larger magnetization value. Thus, the field-induced transition to the FL
state exhibits a metamagnetic behavior.
4. Discussions and Summary
Let us now discuss relevance of our results to recent experiments although our model takes
account of only single-site Kondo effects. PrT2X20 (e.g., T=V, Ti, Ir, Rh; X=Al, Zn) systems
commonly have Γ3 non-Kramers CEF ground state, and the first excited magnetic states Γ4
or Γ5. For example, in PrIr2Zn20 the excited Γ4 is located at 27 K [27]. Both PrTi2Al20 and
PrV2Al20 exhibit the logarithmic T dependence in the 4f-electron contribution of the resistivity
above 70 K, indicating that magnetic Kondo effect occurs in higher temperature range. However,
the latter shows a NFL behavior with ∼ T 1/2 below 30 K, while the former shows FL T 2
dependence below 20 K [17] as long as they are in the paramagnetic phase. PrTi2Al20 (PrV2Al20)
undergoes a transition to the ferro (antiferro) quadrupole ordering at TQ = 2 K (0.6 K), and
then to the superconducting state at Tc = 0.2 K (0.05 K for the high-quality sample) [20,28].
Applying pressure, the resistivity in PrTi2Al20 shows a crossover from the FL behavior to the
NFL behavior around P ∼ 3 GPa, and further increase of pressure, TQ decreases slightly while
T ∗F2 considerably increases above 10 GPa. Tc shows a peak structure at the lowest T
∗
F2 with
a sizable mass enhancement [29, 30]. The behavior of the characteristic energy resembles that
shown in Fig. 4(b) if the pressure effect is interpreted as an appropriate change of parameters.
In this case, we have emphasized the importance of the orbital fluctuation between Γ7 and Γ8
in the vicinity of the FL-NFL boundary. Such orbital fluctuation is also discussed in Ce-based
compounds in the context of superconductivity with peculiar pressure dependence of Tc [31,32].
Therefore, it is highly desired to confirm the presence of orbital fluctuations by such as NQR
measurement. Meanwhile, the Kondo couplings for PrV2Al20 may be located in the NFL state
of our model.
PrIr2Zn20 also shows clear NFL behavior in the resistivity [18, 21, 33]. The reduction of the
entropy by applying magnetic field shows a close resemblance to that shown in Fig. 5(a) [34].
In high-field region above 6 T, the T dependence of the resistivity shows a crossover from the
NFL behavior to the ordinary FL one, and the specific-heat measurement confirms the splitting
of the non-Kramers doublet. There exists another crossover or transition at T ∗ ∼ 0.1 K and
H ∼ 5 T, and its electronic state below T ∗ remains unclear. The most remarkable feature of
the H dependence of the resistivity is that it satisfies a scaling law [35]. Namely, the resistivity
subtracted by the residual value as a function of T/T ∗F2 for several values of H falls into universal
curve above TH or TQ. A scaling law for the specific heat underH is also confirmed, in which T
∗
F2
is similar to that used in the case of the resistivity [34]. All of these observations provide strong
evidence for the first realization of the (lattice) quadrupole Kondo effect and the resultant NFL
behavior in 3-dimensional systems. A metamagnetic behavior is observed around H ∼ 6 T. In
our model, the metamagnetic behavior is associated with the change of the orbital occupation.
Thus, it would be interesting to confirm whether a change of the orbital occupation occurs or
not such as by NQR measurements.
By applying the pressure to PrIr2Zn20, the resistivity for several pressures roughly follows
the same scaling law as well [36]. It also exhibits a crossover from the NFL to FL behavior
above 8 GPa. However, since its crossover temperature T ∗FL is always lower than T
∗
F2, there is
a possibility of the dynamical Jahn-Tellar effect that lifts the degeneracy of the non-Kramers
doublet. Note that T ∗F2 in this case also increases by pressure, which is similar to the case of
PrTi2Al20 [30, 36].
In summary, we have discussed possible competition between the magnetic (J) and
quadrupole (K) Kondo effects on the basis of the extended two-channel Kondo model. There
are three different states in the model, (i) the (local) Fermi-liquid state (J ≫ K), (ii) the non-
Fermi-liquid state (J ≪ K), and (iii) the Fermi-liquid + marginally free-spin state (J ≈ K),
where (i) and (ii,iii) differ in the number of f electrons in the Γ7 orbital. Then, it is expected
strong orbital fluctuation between Γ7 and Γ8 in the vicinity of the FL-NFL boundary. The
crossover temperature TH and T2K under magnetic fields follows ∝ h
2 in high-field region in
contrast to the predicted ∝ h4 behavior in the low-field limit. There is a possibility of the
field-induced transition to the FL with metamagnetic behavior, provided that the parameters
are close enough to the NFL-FL boundary.
These are general feature inherent from the f2 non-Kramers doublet ground state with
the moderate excited magnetic states under cubic symmetry. Extensive investigation for
corresponding dilute systems with respect to magnetic ions would be more informative in
fundamental aspects of the competition between the magnetic and quadrupole Kondo effects.
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